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TIME100 project: "The greatest scientists of the century”
(20 positions):

2 Technology - 6 (airplane, rocket, TV, transisto r, plastic, WWW)
2 Biology & Medicine - 4 (psychoanalysis, penicillin, DNA, polio)
2 Physics & Astronomy - 3 (Einstein, Fermi, Hubble)

2 Anthrop ology - 1 (The Leakeys)

2 Economy - 1 (Keynes)

2 Environment - 1 (Rachel Carson)

2 Psychology - 1 (Piaget)

2 Computer Science - 1 (?)
2 Mathematics - 1 (?)
2 Philosophy - 1 (?)



TIME100 project: "The greatest scientists of the century”
(20 positions):

2 Technology - 6 (airplane, rocket, TV, transisto r, plastic, WWW)
2 Biology & Medicine - 4 (psychoanalysis, penicillin, DNA, polio)
2 Physics & Astronomy - 3 (Einstein, Fermi, Hubble)

2 Anthrop ology - 1 (The Leakeys)

2 Economy - 1 (Keynes)

2 Environment - 1 (Rachel Carson)

2 Psychology - 1 (Piaget)

2 Computer Science - 1 (T uring, a logician)
2 Mathematics - 1 (GAdel, a logician)
2 Philosophy - 1 (wittgenstein, who began as a logician)






Three traditions In Logic
1. Classical : Frege, Hilb ert, Gadel, T arski
2. Constructive : Brou wer, Heyting, Kolmogo rov, GAdel

3. Explicit : Skolem, Curry, Gadel, Church - bridge to computing!



Fundamental results in Logic make their way from foundational
topics to real applications within one lifetime

Prop ositional Logic: consistent, decidable, not feasible (if P 6 NP).

Many practical metho ds reduce to this level (Deep Space 1)

Boole (1854), Post (1920) : boolean circuits, boolean values in pro-
gramming, veri cation (Shuttle example), dualit y of proof search and mo del

checking

Gentzen (1933) : normalization of proofs basis for "all" mo dern provers,

pro of checkers

Downside: limited expressive power!



First order logic: one sort of objects, quantiers 8, 9. Consistent, un-
decidable but recursively enumerable, formalizes all "usual" mathematical
reasoning. First order theories are typically not catego rical. Formal arith-
metic, set theory, theory of reals, theory of groups, rings, elds, etc. can be

presented as FO theo ries.
Frege (1879) : proofs in Tst order systems as positive tests of validness

Downside: excessive coding, computationally  unfriendly!



Logic Programming: computing by proving

J. Robinson (1965) : resolution + unication = single rule proof system
for the rst order logic. A theoretical protot ype of PROLOG programming
language (1972) .

Veri cation problem: "do es a program satisfy its speci cation?" is subsumed
by the programming language. Japanese "fth generation computer initia-
tive". Pure PROLOG: easy to write a program, "almost" the usual math
slang

Downside: Relatively slow. Later re nements improved its ex-
ciency but the logical purit y has been lost. Now is used mostly
for speci cations



Higher order logic: Higher sorts of quantied variables. "V ery" undecid-
able, not axiomatizable, not compact. HO theories: second order arithmetic
(analysis), theory of sets and classes. Close to the natural languege, conve-

nient for proof checking (veri cation).
Andrews (1982) : classical HOL prover

Downside: No ezxzcient proof search, no complete proof systems
possible, ditculties with semantics and consistency .



Mo dal Logic: (Lewis & Langfo rd (1932) ) extends the usual logic
(t ypically prop ositional) by new atoms 2F - "F is necessary" to capture dy-
namics. Usually preserves decidabilit y

GAdel (1933) : provabilit y calculus ( = S4). The most popular mo dal
logic: knowledge representation, dynamic logic, nonmonotonic reasoning, etc.

1. Classical axioms and rules
2. 2(F! G)! (2F! 2G)

3. 2F! F

4. 2F! 22 F

5.

F=2F (necessitation rule)

GAdel's provabilit y problem: nd an intended provabilit y model for S4.
Remained open for > 60 years.



McKinsey - Tarski (1948) : top ological semantics 2F = interio r(F),

leads to logics for dynamic systems
Kripk e (1959) : possible worlds g la Leibniz

Hoare (1969) : partial correctness statements AfGgB = "if A holds before
the execution of G then B holds afterw ards", a classic of veri cation. Re-

cently Hoare was knighted by the British Queen.

Pratt (1976) : logic of programs, [C]JA = A holds while C is executed ,
each [C] is an S4-mo dality, Kripk e style semantics where possible worlds are

machine states

Pnueli (1977) : branching temp oral logic = logic of concurrency , T uring
award in CS



Logic of Knowledge: a core Al topic, Ka(A) = "agent A knows A",
multiple mo dalities S4 and S5, negative introsp ection, common knowledge

op erato r.

Logical Omniscience: unrealistic assumption that an agent knows all logical

consequences of its knowledge.

Majo r Problem: ‘nd a logic of knowledge that distinguishes
"ha rd" and "easy" facts



Intuitionism:
constructive approach to mathematics

Brou wer (1900s)

“It does not make sense to think of truth or falsity of a mathe-
matical statement indep endently of our knowledge concerning the
statement. A statement is true if we have a proof of it, and false
if we can show that the assumption that there is a proof for the

statement leads to a contradiction."”



Constructive semantics problem

Brou wer-Heyting-Kolmogo rov (» 1932):

logical connectives ”~; ;! correspond to operations on proofs, e.g.
a proof of A! B is a construction which,

given a proof of A returns a proof of B

BHK problem:
‘nd exact provabilit y semantics for intuitionistic  logic.

Kolmogo rov:
build a uni ed logic of prop ositions and pro ofs.



Majo r mo dels for intuitionistic  logic

Algeb raic semantics (Birkho®, 1935)

Topological semantics (Stone, 1937; T arski, 1938)

Realizabilit y semantics (Kleene, 1945)

Beth mo dels (1956)

Dialectica Interp retation (GAdel, 1958)

Curry - Howard isomo rphism (1958)

Medvedev's logic of problems (1962)

Kripk e mo dels (1965)

Kuznetsov-Muravitsky-Goldblatt provabilit y interp retation (1976)
10. Catego rical semantics (Goldblatt, 1979)
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None solves the original BHK -problem!



Intuitionistic  system = classical system + e®ective _ and 9.
Existential prop erty of intuitionistic  systems:

a constructive proof of 8x9yA(Xx;y) yields computable term
(program) f(x) such that 8xA(x;f (x)) holds.

Corollary: intuitionistic  correctness proof =
program + correctness proof =
veri ed program

Downside: produces correct but computationally not optimal
programs



Explicit tradition: Functions vs. Quanti ers:

Skolem (1920), Herbrand (1930), GAdel (1930):

quanti ers 8, 9 are ghosts of functions, a precursor to automated reasoning! :

logic explicit logic

8X9YA(X;Y) A(x; T (X))

OXA (x)! 9yB(y) | A(x)! B(f (x))

By its nature the closest to Computer Science. Addresses the right set of

guestions: whether f (x) is computable, feasible, etc.

Downside: Too many Skolem functions, unication problems.



ShAnnk el (1924), Church (1929, 1930) :

, -calculus = universal functional Ilanguage, foundational

Normal form = the result of a computation,

normalization process = computation

McCa rthy (1960) : | -calculus implemented in LISP,
universal machine = LISP -compiler in LISP .

Functional programming languages.

motivations.



Curry (1934), Howard (1969):

typed , -calculus, implemented in ML
ttF » term t has type F » tis a proof of the prop osition F

proofs » functional programs
assumptions » initial data

deduction » execution sequence

Girard (1971). second order | -calculus, yields the consistency of the sec-

5

ond order arithmetic, is implemented in the prover Coq

Martin-LAof (1982): type theory with intuitionistic  logic, is implemented
in Constable's NuPRL prover at Cornell, veri cation, programming via pro ofs,

formally veried mathematics



Constructive quantiers = computable Skolem functions

Good news: intuitionistic  correctness proof =

= program + correctness proof = veried program

Bad news: the above scheme is not excient so far. Too long detour:
formal specs S(x;y) 7! constructive proof of 8x9yS(x;y) 7!

7! computable Skolem function y = f(x)

Comp romise: reverse engineering of proofs, write a proof of 8x9yS(x;y) tar-

geting a specic algorithm y = f(x)



GAdel's provabilit y problem

GAdel, 1933: provabilit y is a modality 2F » "there exists a proof of F"

2A | 2B
Ox(x is a proof of A) ! 9y(y is a proof of B)
"X is a proof of A" ! "f(x) is a proof of B"
"X:A ! f(x):B

Curry-Ho ward Isomo rphism of proofs and programs: typed ,-terms (pro-

grams) correspond to a simple case when the provabilit y does not iterate



The general case - iterated provabilit y Gadel (1933):

Provabilit y Calculus, a.k.a. S4

1. Classical axioms and rules
2. 2(F! G)! (2F! 2G) (implicit  application)
3. 2F! F (re°exivit y)
4, 2F! 22 F (implicit proof check er)
5. Internalization rule:

" F

S 2F

Re°ects the basic intuition of Provabilit y as a logic operator.
Derives all basic facts about Provabilit v.



Examples of derivations in S4.

2 and A commute:

Al (B! A~ B) ANB!l A
2(A! (B! A~B)) 2(ANB! A)
2A1 2(B! A" B) 2(ANB)! 2A

2A! (2B! 2(A~B)) 2(A~B)! 2B
(2A~2B)! 2(A~B) 2(A~B)! (2A"2B)

2 facto rs out through

Al A B But not 2(A_B)! (2A _2B)!
2(A! A _B) Consider B to be : A

2A! 2(A _B)

2B! 2(A _B)

(2A _2B)! 2(A _B)



GAdel's provabilit y problem:
‘nd a system of proof terms that corresponds to S4.

If successful vyields

2 complete logical description of provabilit y (GAdel's problem)

2 formalization of constructive semantics for intuitionistic logic (BHK -problem)
2 guantitative logic of knowledge (logical omniscience problem)

2 much richer type systems for programming languages (referential types,
coding computations in types)

2 etc.

Complete solution has been found recently .



Pro of Polynomials

Basis for all invariant prop ositional op erations on pro ofs

variables x;y;z;::: ranging over pro ofs

constants a;b;c;::: proofs of instances of logical axioms

\ ¢' is application applies s:(F! G) to t:F and returns (s ¢t):G
\I" is proof checking : computes !t a proof of t:F

\+" is union : tak es union (concatenation) of two proofs



Logic of Prop ositions and Pro ofs

AO.
Al.
A2.
A3.
A4,
R1.

LP = classical logic + additional

atoms p:F,

(p is a proof polynomial and F is a formula)

classical axioms and rules

t:(F! G) ! (sF! (tds):G)

ttF! F

t:F ! It(tF)

ssF! (stt):F, tF! (s+t)F

A " CcA, where A 2A0-A4, cis a proof constant.

(application)

(explicit re°exivit y)
(proof checker)
(union)

(axiom necessitation)



Adequacy theorem for LP (Art., 1995) :

Pro of polynomials emulate the whole of S4

Solved CAdel's Problem.



Examples of derivations

Derivation in S4 Derivation in LP
A! (B! ANB)

2(A! (B! A*B))

2A! 2(B! A"NB)

2A! (2B! 2(A™B))

(2AN2B)! 2(A™B)



Examples of derivations

Derivation in S4 Derivation in LP
A! (B! ANB) A! (B! A"NB)
2(A! (B! A*B))

2A! 2(B! A"NB)

2A! (2B! 2(A"™B))

(2AN2B)! 2(A™B)



Examples of derivations

Derivation In S4 Derivation in LP
A! (B! ANB) A! (B! A"NB)
2(A! (B! A*B)) c(A! (B! A" B))

2A1 2(B! A" B)
2A! (2B! 2(A" B))
(2A~2B)! 2(A"B)



Examples of derivations

Derivation in S4 Derivation in LP

A! (B! ANB) A! (B! A"NB)

2(A! (B! A*B)) c(A! (B! A" B))
2A! 2(B! A"NB) X:A!l (cx): (B! A"B)

2A! (2B! 2(A" B))
(2A~2B)! 2(A"B)



Examples of derivations

Derivation in S4 Derivation in LP

A! (B! ANB) A! (B! A"NB)

2(A! (B! A*B)) c(A! (B! A" B))
2A! 2(B! A"NB) X:A!l (cx): (B! A"B)

2A! (2B! 2(A~B)) xA! (y:B! ((ctx)dy): (A B)
(2A~2B)! 2(A"B)



Examples of derivations

Derivation in S4

Al (B! AMB)
2(A! (B! A™NB))
2A! 2(B! A"NB)
2A! (2B! 2(A ™ B))
(2AN2B)! 2(A™B)

in LP
A”"NB)

Derivation
Al (B!
c(A! (B! AMB))

X:A!l (cx): (B! A"NB)

XAl (yB! ((ctx)dy):(A"B))
(x:AMyB)! ((cx)ty):(A"NB)

This was an easy ride, straightfo rward from S4.



Examples of derivations.
Some problems on the way from S4:

Derivation in S4 Derivation in LP
Al A B

2(A! A_B)

2A! 2(A _B)

B! A B

2(B! A _B)

2B! 2(A_B)
(2A _2B)! 2(A _B)



Examples of derivations.
Some problems on the way from S4:

Derivation in S4 Derivation in LP
Al A B Al A B

2(A! A _B) a(A! A_B)
2A! 2(A _B) xX:A!l (ax):(A _B)
B! A B

2(B! A _B)

2B! 2(A_B)
(2A _2B)! 2(A _B)



Examples of derivations.
Some problems on the way from S4:

Derivation in S4 Derivation in LP
Al A B Al A B

2(A! A _B) a(A! A_B)
2A! 2(A _B) xX:A!l (ax):(A _B)
B! A B B! A B

2(B! A_B) (B! A _B)
2B! 2(A _B) y:B! (bty):(A _B)

(2A _2B)! 2(A _B)



Examples of derivations.
Some problems on the way from S4:

Derivation in S4 Derivation in LP
A! A B Al A B

2(A! A _B) a(A! A_B)
2A! 2(A _B) X:Al (a&):(A _B)
B! A B B! A B

2(B! A_B) k(B! A_B)
2B! 2(A _B) y:B! (b)) (A B)

(2A _2B)! 2(A _B)

Orange parts are di®erent, and we cannot just repeat the corre-
sponding S4 step. Op eration + is needed!



Examples of derivations.
Some problems on the way from S4:

Derivation in S4 Derivation in LP

Al A B Al A B

2(A! A _B) a(A! A_B)

2A! 2(A _B) XAl (a®):(A B)[! (atx+ bty):(A _B)]
B! A B B! A B

2(B! A_B) (B! A_B)

2B! 2(A _B) y:B! (bty):(A B)[! (atx+ bty):(A _B)]

(2A _2B)! 2(A _B)



Examples of derivations.
Some problems on the way from S4:

Derivation in S4 Derivation in LP

Al A B Al A B

2(A! A _B) a(A! A_B)

2A! 2(A _B) XAl (a®):(A B)[! (atx+ bty):(A _B)]
B! A B B! A B

2(B! A_B) (B! A_B)

2B! 2(A _B) y:B! (bty):(A B)[! (atx+ bty):(A _B)]

(2A _2B)! 2(A_B) (xA _y:B)! (atx+ bty):(A _B)



Examples of derivations. All three operations are needed

Derivation in S4 Derivation in LP
2A! 2A 2B

2(2A! 2A _ 2B)

2A1 22 A

22 Al 2(2A _2B)

2A! 2(2A_2B)

2B! 2A 2B
2(2B! 2A 2B)
2B! 22 B

22 B! 2(2A_2B)
2B! 2(2A_2B)
2A_2B! 2(2A_2B)



Examples of derivations.

Derivation in S4
2A! 2A 2B
2(2A! 2A 2B)
2A1 22 A

22 Al 2(2A _2B)
2A! 2(2A_2B)
2B! 2A 2B
2(2B! 2A _2B)
2B! 22 B

22 B! 2(2A_2B)
2B! 2(2A _2B)
2A _2B! 2(2A_2B)

All three operations are needed

Derivation in LP

X:Al XA _yB

a(x:Al xA _yB)

XA IXIXCA

IX:x:Al (adx):(x:A_y:B)
X:Al (adx):(x:A_y:B)



Examples of derivations. All three operations are needed

Derivation in S4 Derivation in LP

2A! 2A 2B X:Al XA _yB

2(2A! 2A 2B) a(x:Al xA _yB)

2A1 22 A XAT IXIXIA

22 Al 2(2A _2B) IX:x:Al (adx):(x:A_y:B)
2A! 2(2A _2B) X:A!l (adx):(x:A_y:B)
2B! 2A 2B y:B! XA _yB

2(2B! 2A _2B) b(y:B! X:A _y:B)

2B! 22 B y:B! lyy:B

22 B! 2(2A_2B) ly:y:B! (bdy):(x:A_y:B)
2B! 2(2A _2B) y:B! (bly):(xA vyB)

2A _2B! 2(2A_2B)



Examples of derivations. All three operations are needed

Derivation in S4 Derivation in LP

2A! 2A 2B X:Al XA _yB

2(2A! 2A 2B) a(x:Al xA _yB)

2A1 22 A XAT IXIXIA

22 Al 2(2A _2B) IX:x:Al (adx):(x:A_y:B)

2A! 2(2A_2B) XA (adx):(x:A yv:B)[' (adx+ bdy):(:::)]
2B! 2A 2B y:B! XA _yB

2(2B! 2A _2B) b(y:B! X:A __y:B)

2B! 22 B y:B! lyy:B

22 B! 2(2A_2B) ly:y:B! (bdy):(x:A_y:B)

2B! 2(2A _2B) y:B! (bdy):0cA yv:B)[! (adx+ bdy):(:::)]

2A 2B! 2(2A_2B) xA_yB! (adx+ bdy):(x:A_y:B)



Compa ring formats

Type (logic) derivation Al B: A° B
(plain types - prop ositions)

, -derivation (Curry-Ho ward) s:(A! B); ttA  (s@):B
(plain typed , -terms, explicit, but no proof iterations allowed)

Mo dal derivation (in S4) 2A 2B  2(2A_2B)

(provabilit y iterates, but is implicit)

Pro of polynomial derivation X:A_y:B " (adx + bdy):(x:A_y:B)
(p rovabilit y is explicit a(x:Al x:A_yB)
and iterates freely) b(y:B! x:A_y:B)



On the expressive power of Pro of Polynomials.

LP enjoys the constructive form of Internalization:

mo dalities.



Re’ective types

Type derivation:

A RLATE

type

, -derivation:

XA ry:p{(Zx; y%:FB! {@"BE

term type

Re°exive  -derivation:

U:X:A - rv :p%z(u; v%:Fy:B ! p(x;{%/):(A A B))}

term type




Re°ective | -calculus
Unied system of types (prop ositions) and , -terms (proofs, programs)

(In the diagram below "j! " denotes internalization)

. ©) = Int j ! . (1) = . -calculus ! 5 (2) il , (3) |
proof polynomials = ;1 = | ()

Curry - Howard isomo rphism is a simple special case , @ ;1 ()

Research program:
upgrade existing systems of typed , -terms by tractable self-referential

mechanism as above (typed theo ries, programming languages, provers, etc.)



Kno wledge with justi cations

Pro of polynomials made mo dal logic explicit (van Benthem  Problem )

Joe Halpern: An agent knows the product of two very large prime in-
tegers. In what sense does the agent know those primes? Another version:

in what sense does an agent know all the tautologies?

Research program:
Kno wledge representation systems on the basis of explicit mo dal logics
p.F » "pis a justication for F"
n:F » "there is a proof of F of length - n"
k:F holds for large k's but does not hold for "small" k's



Stabilit y of veri cation

The common architecture of veri cation systems (Davis-Schw artz,1979)
veried rule: 2"premises"” ) 2"conclusion"
trusted core + extensions by veried rules.

Stabilit y property: "extended system = original system"

GAdel Incompleteness Theo rem vyields that stabilit y is not internally veri able.

Explicit veri cation mechanism: build a computable function f(x) such that
x:"p remises" ) f(x):"conclusion”

Theo rem: Explicit stabilit y is veri able

Circumvents GAdel's Incompleteness, covers all known and intended cases,
the right language for stabilit y issues

Research program:. Explicit re°ection mechanisms for veri cation



Re°ection In automated deduction
Goal: to build a proof systems matching conciseness as the natural reasoning

(veri cation, formalization of mathematics, programming by extracts, etc.)

Challenge: re°ective reasoning

"Simila r to the previous argument with A instead of B :::"
Re°ection » interp reter of a language in itself
GAdel numb ering is universal but noto riously inextcient

A promising approach: incorporating re°ection axiomatically

Research program:

Build feasible re°ection for major provers (NuPRL, HOL, Coq, etc.).

Verify the proof of the Second GAdel Incompleteness Theo rem

(a weak version of a much smaller First Incompleteness Theo rem was veri ed
at Stanfo rd in the early 1990s).



